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Polynomial Version

Linear System

solve:

𝑎11𝑥1 + 𝑎12𝑥2 + … + 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + … + 𝑎2𝑛𝑥𝑛 = 𝑏2

…
𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 + … + 𝑎𝑚𝑛𝑥𝑛 = 𝑏𝑚

aim : 

𝑥1 = 𝑠1
𝑥2 = 𝑠2

…
𝑥𝑛 = 𝑠𝑛



Possible operation

1. Exchanging two equations

2. Multiplying any nonzero constant

3. Multiplying any nonzero constant and add to another equation



Matrix Version

Linear System -> Matrix Version

൞

𝑎11𝑥1 + 𝑎12𝑥2 + … + 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + … + 𝑎2𝑛𝑥𝑛 = 𝑏2

…
𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 + … + 𝑎𝑚𝑛𝑥𝑛 = 𝑏𝑚

→

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮

𝑎𝑚1 ⋯ 𝑎𝑚𝑛

𝑥1
⋮
𝑥𝑛

=
𝑏1
⋮
𝑏𝑚

(matrix)

→

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮

𝑎𝑚1 ⋯ 𝑎𝑚𝑛

𝑏1
⋮
𝑏𝑛

→ (using Possible operation) 

→

෦𝑎11
0

⋯
෪𝑎1𝑛
෦𝑎2𝑛

⋮ ⋱ ⋮
0 ⋯ ෦𝑎𝑚𝑛

෪𝑏1
⋮
෪𝑏𝑛

(Upper triangular matrix)          (This is Gaussian elimination)



Determinant

Ax = b, A ∈ ℝ𝑛×𝑛

If det A ≠ 0, then x = A−1b

det A = a𝑖1 −1 𝑖+1 det Ai1 + a𝑖2 −1 𝑖+2 det Ai2 +⋯+ a𝑖𝑛 −1 𝑖+𝑛 det Ai𝑛

=෍

𝑗=1

𝑛

𝑎𝑖𝑗 −1
𝑖+𝑗 det Aij

Operation Counts of 𝑑𝑒𝑡

𝑛!෍

𝑘=1

𝑛−1
1

𝑘!
∶ ×

𝑛! − 1 ∶ +


